Abstract. Ultrasonic quantum oscillations in pure Bi and semimetallic Bi,-,Sb, alloys (x= 0.01 2. 0.01 9. 0.033) have been investigated. Experiments were carried out in the temperature range 1.24.2 K using longitudinal ultrasonic waves of frequencies up to 90 MHz propagated along the trigonal axis. Magnetic fields between 0.05 and 2.3 T were applied in theyr and . U planes. The angular dependence of the peak positions was studied. The Landau and spin quantum numbers of the oscillation peaks were obtained from the experimentally measured periods and peak positions of the oscillations. The experimental data indicate that, for most orientations of the magnetic field in thepz plane. the magnetic energy levels of electrons in the alloys studied can be described successfully by the ellipsoidal non-parabolic (ENP) model.
Introduction
Bi, -, Sb, alloys have received much attention in recent years. Many experiments have been devoted to the investigation of the electronic structure and its changes in magnetic field and pressure.
The semimetallic character of bismuth is determined by the overlap of the valence-band maximum at the T point with the conduction-band minima at the L points of the reduced Brillouin zone. When Bi is alloyed with antimony, this overlap gradually decreases and at x-0.07 disappears. The alloys containing Sb in the range 0.07 < x < 0.22 are semiconductive. At an Sb concentration of x r 0 . 2 2 the conduction-band minimum at the L point overlaps with an additional valence-band extremum and the alloy system changes from the semiconducting state to a semimetallic one. The direct energy gap at the L point between the conduction and valence bands (EG) first decreases with increasing Sb concentration. After the inversion of these two bands at x-0.04, this energy gap again increases. In addition to changes in composition, high magnetic fields and high pressure can induce similar electronic phase transitions.
In the semimetallic region for x < 0.07, the Fermi energy decreases and the effective masses of electrons become smaller with increasing Sb concentration, while the effective masses of holes are almost independent of Sb concentration. Thus, the magnetic energy level of the same Landau quantum number for the electrons in Bil -,Sb, alloys crosses the Fermi level at lower magnetic field than for Bi. In pure Bi the quantum limit for electrons occurs, depending on the orientation of the magnetic field, for field values in the range 1.5-3 T. By quantum limit we understand that only one Landau level for electrons in each pocket is occupied, whereas for the holes several Landau levels will be occupied. We denote the magnetic field at which the quantum limit occurs by H,, and show explicitly by means of a superscript a, b, c if reference is made to the a, b or c electron ellipsoids of the Bi Fermi surface. The magnetic field range quoted above for H,, is characteristic for the light electrons for H parallel to the binary ( x ) axis and for all electrons for H parallel to the bisectrix ( y ) axis. For H along the trigonal (2) axis the quantum limit first occurs at higher magnetic fields. In the semimetallic Bil-,Sb, alloys the field value H,, decreases with increasing values of the Sb concentration.
In semimetals, because of their small effective masses and low Fermi energies, the Fermi energy and the carrier density exhibit oscillatory behaviour with magnetic field. The oscillatory motion of the Fermi level of Bi and semimetallic Bil-,Sb, alloys in a magnetic field turn out to be particularly significant in fields comparable with the quantum limit field for the light electrons.
In previous papers (Cankurtaran et a1 1984a (Cankurtaran et a1 , b, 1985 we have studied extensively the electronic properties of semimetallic Bil-,Sb, alloys in the composition range 0 < x < 0.04 using ultrasonic quantum oscillations in the de Haas-van Alphen (DHVA) region, without taking into account the variation of Fermi energy with magnetic field. This variation of Fermi energy with magnetic field may exert considerable influence on the period and the line shape of quantum oscillations in the ultrasonic attenuation (UQO) (Matsumoto et a1 1970 , Goto et a1 1975 . In the present work we concern ourselves with a detailed investigation of uQ0 in the DHVA region in semimetallic Bil-,Sb, alloys (x=O, 0.012, 0.019, 0.033) in cases where the sound wavevector (4) is along the trigonal axis and the magnetic field is applied in the y z plane and xz planes. We calculated the variation of Fermi energy and carrier density with magnetic field up to 3 T, employing the charge neutrality condition, in the framework of the two-band model for electrons (Smith et a1 1964) and a parabolic band model for T holes. The quantum limit fields for electrons are deduced from the magnetic field dependence of the Fermi energy and carrier density in each pocket, and compared with that obtained directly from measurements.
Theory
The Fermi surface of semimetallic Bil -,Sb, alloys (0 < x < 0.07) is similar to that of Bi.
The electron Fermi surface consists of three identical ellipsoids at the L points of the Briliouin zone denoted by a, b and c. A principal axis of each of these ellipsoids coincides with the binary axes of the crystal; the other two axes are tilted from the trigonal plane by an angle of about 6' . The hole surface consists of a single ellipsoid of revolution about the trigonal axis centred at the T points of the reduced Brillouin zone.
Energy levels and the density of carriers in the presence of a magnetic field
It is well known that, due to the small energy gap at the L point, the conduction band in semimetallic Bil -xSbx alloys is non-parabolic. In the framework of the ellipsoidal nonparabolic (ENP) two-band model the energy levels of electrons in a magnetic field are
( 1 ) 
where h* is the effective-mass tensor of electrons at the bottom of the conduction band and h is a unit vector in the direction of the magnetic field.
The energy gap between the valence band and the nearest conduction band at the T point of the reduced Brillouin zone is about 180 meV (Verdun and Drew 1976) . Thus, a parabolic dispersion relation for the T holes may be assumed. Therefore the energy levels of holes in a magnetic field are
where all quantities have similar meanings as in equation (1). The energy E is measured from the top of the valence band in the negative direction.
In pure semimetals there are equal numbers of electrons and holes (charge neutrality). In the ENP model, in the presence of a magnetic field, the density of electrons per ellipsoid whose energy is below EF is expressed by
where EF is the electron Fermi energy measured from the conduction-band edge. The sum is over those values of n and s such that the radicand is positive. For the hole ellipsoid, the carrier density whose energy is above the Fermi level is given by
where Eo, is the overlap energy between the valence and conduction bands. The sum is again over those values of N and S such that the radicand is positive.
The charge neutrality condition is 3
N : ( H ) = N h ( H ) .
i= 1 This equation determines the Fermi energy.
The ultrasonic quantum oscillations
When ultrasonic waves are propagated through metals at low temperatures the coefficient of ultrasonic wave attenuation shows oscillations with magnetic field known as ultrasonic quantum oscillations (IJQO). The effect is periodic in reciprocal magnetic field (l/H). The period of oscillations for an ellipsoidal Fermi surface is given by where S(kHo) is the cross-sectional area of the Fermi surface perpendicular to the magnetic field at kH=kHO. Since kHO<<kF,S(kHO) may be considered to be the extrema1 crosssectional area. The reciprocal magnetic field at which the oscillation peak occurs in expressed by
The period and the peak positions measured experimentally provide information about the cross sections of the Fermi surface and the magnetic energy levels of the carriers.
Experimental procedure
The single-crystal Bi was grown by the Bridgman method and the Bil-,Sb, alloy single crystals were prepared by the zone-levelling technique. The composition of the Bi -, Sb, alloys was determined by density measurements and neutron activation analysis. The concentration gradient was measured to be about three parts in 1000 per cm. The ultrasonic attenuation coefficient was measured with the pulse-echo method using an ultrasonic comparator (Matec, model 9000). Changes in the ultrasonic attenuation were detected by an ultrasonic attenuation recorder (Matec, model 2470). Static magnetic fields up to 2.3 T were obtained by an electromagnet (Varian, model 3800). The experiments were performed in the temperature range 1 . 2 4 . 2 K.
In the measurements longitudinal sound waves of frequencies 10-90 MHz were propagated along the trigonal axis and the magnetic field was applied in the y z and x z planes. The magnetic field direction was varied from 0" to 180" at every two or five degrees where the angle (8) was measured from the z axis. For details of the sample preparation and the measurement technique we refer the reader to Cankurtaran et a1 (1985) .
Results and discussion
Typical experimental results for H along the three principal crystallographic axes are shown in figures 1-3. In low magnetic fields the oscillations are sinusoidal and symmetric about a central line, which is characteristic of the DHVA region. The oscillation period and the amplitudes depend strongly on the Sb concentration: the period increases while the amplitudes decrease with increasing Sb concentration. In both Bi and Bil -,Sb, alloys, the amplitude of the quantum oscillations increased as the temperature was lowered below 4.2 K (Cankurtaran et a1 1985) .
For the semimetallic Bil-,Sb, samples with large Sb concentration, i.e. x > 0.03, it becomes increasingly more difficult to observe the ultrasonic quantum oscillations, due to the facts that the quantum limit occurs at very low fields and the relaxation time (7) of the carriers decreases with increasing x. The decrease of z with increasing Sb concentration necessitates a higher value of the magnetic field before ultrasonic quantum oscillations can be observed experimentally. However, the decrease of H,, with increasing x prevents this.
To identify the Landau and spin quantum numbers of the oscillation peaks and the carrier pockets from which they were originated, the peak position in 1/H was plotted as a function of magnetic field orientation. Examples of the peak position against 8 curves in the case where the magnetic field was applied in the yz plane are shown in figure 4. The experimental points fall onto two sets of well defined curves. Each of these curves corresponds to an individual Landau level. In this case, the oscillation peaks at low magnetic fields mainly belong only to a electrons. Depending on the angle between q and H at certain magnetic fields, the contributions from the other electron pockets start to dominate. In figure 4 , the peak position of a electrons and those of b , c electrons are denoted by (0) and (A) respectively; the full curves are the best fits of equation (8) The major problem in fitting the data was the assignment of quantum numbers n and s to the levels. From equations (7) and (8), the relationship between the peak position and the oscillation period may be written as As can be seen from these figures, in the alloys the oscillation peak with the same Landau number shifts to lower field with increasing Sb concentration. This is reasonable since the electron Fermi energy is lowered as x is increased. It is found that the peak position ratio (H,,, s)Bi/(Hn,s)doy is independent of Landau number and magnetic field orientation (Cankurtaran et a1 1984a) . This is further confirmation that alloying of Bi with Sb does not substantially alter the shape of the electron Fermi surface, and the models developed for the energy bands of Bi may also be applied to semimetallic Bi, -, Sb, alloys.
The curves marked with (1-, 0 ' ) in figure 4 may be considered as the angular variation of the quantum limit field for the a (light) electrons. With increasing Sb concentration the quantum limit shifts to lower field. This fact is also exhibited in figure 2, where the field values H& and H,b;' are shown.
It is found that, apart from the trigonal axis, ultrasonic quantum oscillations from light electrons have an integer phase (as 1/H+O the functions n ( l / H ) are extrapolated to integer values of the quantum number). This indicates that the spin-splitting factor for light electrons is close to unity (Cankurtaran 1985) . Thus, the quantum limit field H & practically coincides with the reciprocal period of the oscillations from pocket a. Takano and Kawamura (1970) using Alfgen wave propagation experiments. Pelikh and Eremenko (1967) have observed directly the variation of the Fermi energy in the contact potential between Bi and a normal metal. Vecchi et a1 (1976) and Mironova et a1 (1980) have studied the magnetic field dependence of EF in Bi0.978 Sbo,ozz and doped semiconducting Bil -, Sb, alloys.
Magneticjeld dependence of the Fermi energy and carrier density in semimetallic Bi, -,Sb, alloys
In previous work (Cankurtaran er a1 1985) we have determined the Fermi surface parameters in semimetallic Bil -$b, alloys, neglecting the magnetic field dependence of the Fermi energy. However, as can be seen from the experimental attenuation curves in figures 2-3 and the peak position against B curves in figure 4, in the alloys, where the variation of EF with magnetic field may be more significant, the quantum limit of electrons occurs at relatively low magnetic fields. In the rest of this paper, we study the magnetic field dependence of the Fermi energy and discuss its effect on the band parameters reported by
Cankurtaran et a1 (1985) . We also discuss the behaviour of EF and the carrier density in each electron pocket with the magnetic field in the quantum limit. To obtain the Fermi energy and carrier density in each pocket we impose the charge neutrality condition. In the calculations the electron and hole densities were estimated from equations (4) and (5), using the electron and hole effective masses determined by Cankurtaran et a1 (1985) and Smith et a1 (1964) , respectively. The spin-splitting factors for electrons and holes used in the calculation are those obtained from the orbital and spin effective masses given by Smith et a1 (1964) . Furthermore we assume that:
(i) the hole effective masses and the spin-splitting factors for electrons and holes in the semimetallic Bi, -$b, alloys do not change with Sb concentration;
(ii) E,, decreases linearly with increasing Sb concentration and the semimetalsemiconductor transition takes place at x = 0.07; (iii) EG decreases linearly with increasing Sb concentration and at x = 0.04 EG becomes zero;
(iv) for pure Bi E,, = 38.5 meV, EG = 15.3 meV in accordance with Golin (1968) , Tichovolsky and Mavroides (1969) (1982) . The value of the Fermi energy is varied at a certain magnetic field and the value which gives the best charge neutrality is selected. The calculations are repeated for fields up to 3 T with steps of 0.002 T. Using this procedure, we simultaneously obtain the magnetic field values at which the Landau levels of the carriers in each pocket cross the Fermi level.
Plots of variation of Fermi energy with magnetic field are shown in figures 5-7 for H along the three principal crystallographic axes. As can be seen in these figures the Fermi energy is an oscillatory function of H at low fields. For H along the trigonal axis the variation of EF is within 2% of the zero-field Fermi energy EF(O), and it is only significant above 0.5 T (see figure 5) . When the magnetic field is parallel to the bisectrix and binary axes the oscillations of the Fermi energy shift to lower fields, and at fields below the quantum limit for light electrons the oscillation magnitude is less than 3% of EF(O). Thus, the magnitude of the oscillatory variation of EF is smaller than the total error made in the measurement of the period of ultrasonic quantum oscillations belonging to light electrons (Cankurtaran er a1 1985) . Therefore, neglecting the variation of EF with magnetic field in the analysis of A( 1/H) for light electrons is reasonable. Extrapolation of the EF(H) curves in figures 5-7 to zero field gives EF(0). In table 1, the value of r(EF) = EF( 1 + EF/EG) obtained from the estimated values of EF(O) and EG is compared with that given by Cankurtaran et a1 (1985) . The results are within the experimental error. In the analysis of the period of ultrasonic quantum oscillations, the value of r(&) was found directly from the curve fitting procedure without making any approximation, whereas in the present calculations r( E F ) is obtained with the abovementioned assumptions.
The variation of the carrier density in each pocket with magnetic field gives information about the quantum limit fields of the carriers. In figures 8 and 9 we show the magnetic field dependence of the carrier density in the a ellipsoid ( N ; ) and b, c ellipsoids ( N > ' ) for HIT) H along the bisectrix and binary axes respectively. It is seen from these figures that for all cases the carrier densities oscillate at low fields and vary almost linearly at high fields. Both N," and N:' oscillate up to fields H$ and Hi,', respectively, which are marked with arrows in the figures and given in table 2. The theoretically estimated values of the quantum limit fields are well within the values found experimentally (see figures 2, 3 and 4).
The results obtained here are in reasonable agreement with those reported by Takano and Kawamura (1 970), Toyoda et al(1972) and Michenaud et a1 (198 1) for Bi and by Chu and Kao (1970) and Braune et a1 (1979) for semimetallic Bil-,,Sb, alloys. The quantum limit shifts to lower field with increasing Sb concentration. This fact is a consequence of decreasing the electron cyclotron masses and shrinking the electron pockets as x is increased. For H parallel to the bisectrix axis at fields higher than the quantum limit, the carrier density in each pocket increases monotonically, a fact which has been observed previously by several authors in experiments on Bi Kawamura 1970, Edelman 1975) . In this magnetic field orientation at fields higher than Hi;' (extreme quantum limit region), the Fermi energy decreases monotonically (see figure 6 ). This is due to the fact that the three 0-levels can never exceed the Fermi level. With increasing magnetic field these levels decrease and their population increases. After passing out of the 0 + or 1 -levels through the Fermi level, the Fermi level lowers to the last 0-levels which have been left. Since at field values of about 2 T the overlap energy does not change with magnetic field, i.e. E,, =constant, this causes the Fermi energy of the electrons to decrease and that of the holes to increase. Therefore the electrons from the T valence band begin to spill over into the electron 0-levels, causing an increase of the carrier density (see figure 8 ).
For H along the binary axis the oscillations of EF at low fields are due to the passage of light (b, c) electron Landau levels through the Fermi level, and for H > Hi;' the oscillatory structure on the monotonic behaviour is due to the hole and heavy electron Landau levels crossing the Fermi level (see figure 7) . Beyond the quantum limit for the ellipsoids b and c EF begins to decrease, because of the rapid rise of the density of carriers at the two b, c 0 -levels remaining below the Fermi level. For H > Hi;', all the light electrons are in the lowest Landau levels and their carrier density increases with field as shown in figure 9, because of the linear H dependence of the carrier density in the last Landau level (Edelman 1975) . On the other hand, in the quantum limit the magnetic field dependence of the carrier The quantum limit fields H& and Hi;' are marked by arrows on the corresponding curves.
density for a electrons is quite different. For H > the magnetic energy levels of a electrons lose carriers more rapidly than the density of states is increased through its linear H dependence. Thus, the carrier density for the heavy electrons decreases with magnetic field. Nevertheless, the concentration of electrons with light cyclotron masses is dominant for H > H$' (see figure 9) , and this has been verified in Bi by Alfgen wave propagation up to 2 0 T (Takano and Kawamura 1970) . Thus for H parallel to the binary axis, the magnetic field dependence of the Fermi energy is mainly governed by the behaviour of the lowest Landau levels of the light electrons.
In the present study the calculations of E F ( H ) were performed for T=O K. The experimental attenuation curves with which the comparison was made were obtained in the temperature range 1.2-4.2 K. The thermal smearing (kT) of the Fermi level in the latter The quantum limit field Hi,' is marked by an arrow on the corresponding curves.
case does not exceed 0.4 meV, and is much less than EF for all the Bil-,Sb, alloys investigated. In the temperature interval 1.2-4.2 K, the phase of the ultrasonic quantum oscillations was found to be independent of temperature (Cankurtaran et a1 1985) . Thus, it (1964) . However, estimations (Mironova et a1 1980) show that the calculation of E F ( H ) only on the basis of equation (l), in fields that do not considerably exceed the quantum limit, does not lead to large errors.
